Abstract. New conservation laws bifurcating from the classical form of conservation laws are constructed to the nonlinear Boussinesq model describing internal Kelvin waves propagating in a cylindrical wave field of an uniformly stratified water affected by the earth's rotation. The obtained conservation laws are different from the well known energy conservation law for internal waves and they are associated with symmetries of the Boussinesq model. Particularly, it is shown that application of Lie group analysis provide three infinite sets of nontrivial integral conservation laws depending on two arbitrary functions, namely a(t, θ), b(t, r) and an arbitrary function c(t, θ, r) which is given implicitly as a nontrivial solution of a partial differential equation involving a(t, θ) and b(t, r).
Introduction
A conservation law refers to an equation which relates the increase or decrease of a quantity to terms representing supply or destruction. In a continuous medium, the typical form of a conservation law is as follows:
∂P ∂t + div Q = S, (1.1) in which P is the quantity being "conserved", Q is the "flux" (i.e. a transport of P within the medium) and S represents source (S > 0) or sink (S < 0) terms. Application of the divergence theorem allows to write the conservation law (1.1) in an integral form as where g is the acceleration due to gravity so that p and ρ are to be interpreted as the pressure and density departures from their mean state 6) in which ρ 0 is the constant reference density, N is the buoyancy frequency defined by
and we require ρ 0 + ρ and p to be consistent with the state of rest, i.e., dp dz = − (ρ 0 + ρ) g.
(1.8)
The traditional f −plane approximation is made whereby we take 2 − → Ω = (0, 0, f ) , where f is the inertial frequency which depends on the rotation rate of the earth (angular velocity Ω = 2π rad/day ≈ 0.73×10 −4 s −1 ). We derive the conservation laws for the nonlinear (1.3) -(1.5) in a cylindrical wave field including the effects of the earth's rotation and under the Kelvin's hypothesis saying that the component of the velocity that is normal to the lateral circular boundary be zero throughout the domain.
One can associate conservation laws with symmetries on any system of differential equations provided that the system under consideration is nonlinearly self-adjoint in the terminology of [11] . The system in question can be determined (the number of the equations in the system is equal to the number of dependent variables), over-determined (the number of the equations in the system is more than the number of dependent variables) or sub-definite (the number of the equations in the system is less than the number of dependent variables).
Nonlinear cylindrical internal wave field
Let there be a cylindrical model basin with radius r 0 and of the depth H with z ∈ [0, H] . For completeness, we write explicitly the three-dimensional nonlinear Euler equations of motion (1.3) -(1.5) in the cylindrical domain within the Boussinesq approximation:
As the particular example, we first write the classical energy conservation law associated with the linearized Boussinesq model (2.1) -(2.5), i.e.
Multiplication of (2.6) by u r , (2.7) by u θ and (2.8) by w, and summing the result yileds the term ∂ ∂t
in which (2.10) has been used, the notation div (r,θ,z) means the divergence in cylindrical coordinates and − → u = (ru r , u θ , w) . The first two term in (2.11) are associated with the rates of change of kinetic and potential energy respectively whereas the last term represents the net work done by pressure forces. Using (2.9), we can rewrite the rate of change of the potential energy as
and so the energy conservation law is written as
As he recounted in this presentation to the Royal Society of Edinburgh in 1879, Lord Kelvin thought that the vanishing of the velocity component normal to the wall suggested the possibility that it be zero everywhere. Following this hypothesis, we allow the component of the velocity that is normal to the lateral circular boundary be zero, i.e. we let, in anticipation,
throughout the domain and investigate the consequences. As the next particular example, we investigate the effect of the Kelvin's hypothesis (2.14) on the classical energy conservation law (2.13) associated with the linearized Boussinesq model (2.6) -(2.10). Setting u r = 0 in (2.6) -(2.10) and repeating the above procedure we recover the corresponding energy conservation law (2.13) under the Kelvin's hypothesis: 15) in which
While the most of the previous studies of Kelvin waves are based on linear modeling, the problem which forms the main focus of interest here is to obtain the conservation laws of the nonlinear Boussinesq model (2.1) -(2.5) within Kelvin's hypothesis (2.14):
Our model is idealized by assuming N to be uniform over the extent of the fluid. This corresponds to a vertically linear density variation. While this simplification is commonly used in laboratory and theoretical studies and it is quite reasonable for the thermocline region, it is not common in the deep region of the ocean with the except when considering short wavelengths in comparisons with the scale of density changes [19] . At low frequencies, close to f, rotational effects are important. Such internal waves are sometimes called inertial-internal waves. At high frequencies, close to N and far from f, rotational effects are negligible.
Symmetries and self-adjointness
The symmetries of Eqs. (2.16) -(2.20) contain two arbitrary functions, ϕ(z), ψ(t), and are spanned by the following operators:
There are no group extensions in the case of the homogeneous fluid (N = 0) and in the following physically irrelevant case for the ocean f = N. For example, in the mid/high latitude upper non-homogeneous ocean N is typically one or two orders of magnitude larger than f N varies from 10 −3 to 10 −2 s −1 while f ∼ 10 −4 s −1 . In agreement with [4] and [2] , the presence of the arbitrary functions ϕ(z), ψ(t) in the symmetry Lie algebra (3.1) is a characteristic property of incompressible fluids. For example,the operator X ψ generates the group transformation p = p + ε ψ ψ (t) of the pressure p, where ε ψ is the group parameter associated with the latter particular symmetry. The invariance of fluid flows under this transformation is quite obvious because the velocity vector (u θ , w) is invariant under this transformation.
In terms of group theoretical modeling, the dynamics of the system in the question can often be described by means of the formal Lagrangian and the adjoint equation. We will first show that the system of equations (2.16)-(2.16) is nonlinearly self-adjoint in the terminology of [11] , [12] . To this end, we prove the following Proposition. The over-determined system of equations (2.16) 
where U, V, P, R and Q are new dependent variables. The adjoint system to Eqs. (2.16) -(2.20) is written
Using the formal Lagrangian (3.2) we obtain:
According to [11] the system (2.16) -(2.20) is nonlinearly self-adjoint if there exists a substitution
where ϕ 1 , . . . , ϕ 5 are functions of t, θ, r, z, u, w, p, ρ not vanishing simultaneously, such that the following equations are satisfied (Eqs. (3.5) from [11] ):
Here Fβ (β = 1, . . . , 5) and F * α (α = 1, . . . , 4) are given by the equations (2.16) -(2.20) and (3.4), respectively, λβ α are undetermined coefficients, the symbol | (3.5) indicates that the non-physical variables U, . . . , Q and their derivatives are eliminated by means of the substitution (3.5). The derivatives are computed in a usual way, e.g. where ϕ 1 = ϕ 1 (t, θ, r, z, u θ , w, p, ρ) and ϕ 5 = ϕ 5 (t, θ, r, z, u θ , w, p, ρ).
The coefficients λβ α and the functions ϕ 1 , . . . , ϕ 5 are found by solving four equations (3.6) corresponding to α = 1, . . . , 4. The first equation corresponding to α = 1 is written Summarizing the equations (3.9) and (3.10) we see that
and that
In view of (3.12) Eq. (3.8) becomes
We continue the similar calculations with Eq. (3.13) and with the remaining three equations (3.6) corresponding to α = 2, 3, 4. After lengthy but regular calculations we conclude that the substitution (3.5) satisfying Eqs. (3.6) has the following form:
where a(t, θ), b(t, r) are arbitrary functions, and c(t, θ, r) is determined by the differential equation 
Thus the system (2.16) -(2.20) is nonlinearly self-adjoint.
Nonlinear conservation laws
Conserved vectors associated with symmetries
of any nonlinearly self-adjoint system of differential equations
is given by the following formula (see [11] ), Eq. (8.23)):
Here L = vβFβ is the formal Lagrangian for the system in question and
The "non-physical variables" vᾱ should be eliminated from the vector (4.1) by using the substitution vᾱ = ϕᾱ(x, u),ᾱ = 1, . . . , m, connecting the adjoint system with the system under consideration ( [11] ), Section 8.2). We will apply the formula (4.1) to our system (2.16) -(2.20) by using the notation
According to the notation (4.2), the conservation laws will be written in the form
where D t , . . . , D z denote the total differentiations in t, . . . , z.
In the case of the first-order formal Lagrangian (3.2) the formula (4.1) is written
Substituting in (4.4) the expression (3.2) of the formal Lagrangian by taking into account the notation (4.2) and the equation V = R = 0 due to Eqs. (3.14) we obtain:
We replace here U, P and Q with their values given in (3.14) and arrive at the following final formula for calculating the conserved vectors:
5)
Time translation: Energy
We first compute the conserved vector provided by the time translation symmetry X 1 from (3.1). In this case we have
Substituting these expressions into the conserved vectors C i given by (4.5), eliminating the derivative ∂u θ /∂t in C 1 via (2.16), using Eqs. (3.14) and removing the terms
and C 4 , we write to the final form of the the conserved vector:
One can check by direct differentiation that the conservation law (4.3) is satisfied for the vector (4.6) in the following form:
+ r ∂a (t, θ) ∂θ
The integral form of the conservation law with the vector (4.6) gives the following energy conservation for the system (2.16)-(2.20):
Rotation: Angular momentum
For the horizontal rotation, i.e. to the θ-translation symmetry X 2 from (3.1) we have
Substituting these expressions in the formula (4.5) and making simplifications as above by removing the term of the form D z (· · · ) from C 2 to C 4 , we arrive at the following conserved vector:
The vector (4.9) satisfies the conservation law (4.3) in the following form:
= r ∂a(t, θ) ∂θ
Writing the integral form of the conservation law with the vector (4.9), we obtain the following law of conservation of the angular momentum for the system (2.16)-(2.20):
Conserved vector associated with scaling transformation
For the scaling transformation generator X 4 from (3.1) we have
Substituting these expressions in the formula (4.5) and making simplifications as above we arrive at the following conserved vector:
12)
The vector (4.12) satisfies the conservation law (4.3) in the following form:
The corresponding integral conservation law for the system (2.16)-(2.20) is written:
(4.14)
Conclusion
We have derived the nonlinear conservation laws corresponding to the three-dimensional Boussinesq model describing internal gravity wave p[ropagation in a cylinrical bassin obeying the Kelvin's hypothesis on the zero radial component of the velocity vector throughout the domain. We have shown that the symmetries (3.1) provide three infinite sets of nontrivial integral conservation laws, (4.8), (4.11) and (4.14), depending on three arbitrary functions, namely a(t, θ), b(t, r) and an arbitrary function involved in c(t, θ, r). Particularly, we observe that the component C 1 in the energy conservation law involves only the rotational part of the velocity vector.
We single out physically useless conservation laws by the following definition ( [13] ): The conservation law is said to be trivial if its density C 1 evaluated on the solutions of the equations in question is the divergence,
The conserved vector (4.5) associated with the z-translation symmetry X 3 vanishes on the solution manifold of the system (2.16) -(2.20). Hence, according to the above definition (5.1), it is a trivial conserved vector. Moreover, the symmetries X ϕ and X ψ also provide trivial conserved vectors whereas the symmetry X 5 from (3.1) gives a conserved vector with the vanishing density C 1 . Similar derivation of conservation laws were also obtained in our earlier work in Ref. [13] , where we have investigated two-dimensional model for internal gravity waves under the Boussinesq approximaiton in the Cartesian coordinaes. The analysis in [13] were found in a good agreement with the previous work in [5] in which the classical and nonlinear stability of baroclinic jets was compared to symmetric disturbances for nonhydrostatic, adiabatic, Boussinesq equations. Within the context of the Fjortoft's theorem on an energy-Casimir (or pseudoenergy) stability analysis studied in Fjortoft, [7] , the conservation law (4.11) can be associated with a Hamiltonian, which differs from the energy by a Casimir invariants which constitute "hidden" conservation laws of the Eulerian representation of fluid flows. The analysis presented in this paper extends our previous work in Ref. [13] to a three-dimensional case which also involves non-Cartesian wave field. For example we note that the energy (4.8) is a "physical" energy if a = 1. Note that the recent paper [1] has been also devoted to obtaining "physical" conservation laws for a Boussinesq-type system. We also remark that the assumption that N is constant has no any bearing on the origination of the waves modeled here (see also [16] ).
